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Abstract: We consider the edge and bulk conductances for 2D quantum Hall 
systems in which the Fermi energy falls in a band where bulk states are localized. 
We show that the resulting quantities are equal, when appropriately defined. 
An appropriate definition of the edge conductance may be obtained through a 
suitable time averaging procedure or by including a contribution from states in 
the localized band. In a further result on the Harper Hamiltonian, we show that 
this contribution is essential. In an appendix we establish quantized plateaus for 
the conductance of systems which need not be translation ergodic. 

1. Introduction 

Two conductances, ub and (Te, are associated to the Quantum Hall Effect 
(QHE), depending on whether the currents are ascribed to the bulk or to the 
edge. The equality as — cte, suggested by Halperin's analysis J7j of the Laugh- 
lin argument , has been established in the context of an effective field theory 
description '14'. It was later derived in a microscopic treatment of the integral 
QHE 32,12,24 for the case that the Fermi energy lies in a spectral gap A of 
the single-particle Hamiltonian Hb- We prove this equality, by quite different 
means, in the more general setting that Hb exhibits Anderson localization in A 
— more precisely, dynamical localization (see ()1.2|l below). The result applies to 
Schrodinger operators which are random, but does not depend on that property. 
We therefore formulate the result for deterministic operators. The relation to 
recent work [7] will be discussed below. 

The Bulk is represented by the lattice Zi^ 3 x = {xi,X2) with Hamiltonian 
Hb = Hg on £^(Z^). We assume its matrix elements Hb{x,x'), x,x' G 1?, to 
be of short range in the sense that 




< oo 



(1.1) 
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for some fi > 0, where |a;| — |a;i| + \x2\- Our hypothesis on the bounded open 
interval Zi C M is that for some v > Q 

sup J2 \9iHB){x,x')\{l + \x\)-''e^^\---'\ C2 < oo (1.2) 



x.x 



where Bi (A) denotes the set of Borel measurable functions g which are constant 
in {A|A < A} and in {A|A > A} with \g{x)\ < 1 for every x. 

In particular C2 is a bound when g is of the form gt{X) = e~''^i?zi(A) and 
the supremum is over t € K, which is a statement of dynamical localization. By 
the RAGE theorem this implies that the spectrum of Hb is pure point in A 
(see 1201 or Theorem 9.21] for details). We denote the corresponding eigen- 
projections by E^x}{Hb) for X & £a, the set of eigenvalues X & A. We assume 
that no eigenvalue in E/^^ is infinitely degenerate, 

dimE^xjiHB) < 00 , X e £a ■ (1-3) 

The validity of these assumptions is discussed below (but see also |2E1)- 

The zero temperature bulk Hall conductance at Fermi energy A is defined by 
the Kubo-Stfeda formula 

aB{X) = -itTPx[[Px,Ai],[Px,A2]] , (1.4) 

where Pa = £'(-oo,a)(^b) ^md Ai{x) is the characteristic function of 

{x — {xi,X2) G I < 0} . 

Under the above assumptions ^^(A) is well-defined for X G A, but independent 
thereof, i.e., it shows a plateau. (This result, first proved in is strengthened 
here in an appendix, since we do not assume translation covariance or ergodicity 
of the Schrodinger operator. We also show the integrality of 27r ctb therein, though 
it is not needed in the sequel.) We remark that H1.3|l is essential for a plateau: for 
the Landau Hamiltonian (though defined on the continuum rather than on the 
lattice) eqs. (11.11 ll.2|l hold if properly interpreted, but 11.3|l fails in an interval 
containing a Landau level, where indeed crs(A) jumps. 

The sample with an Edge is modeled as a half-plane Z x Z^, where Z^ = 
{n g Z I n > —a}, with the height —a of the edge eventually tending to —00. 
The Hamiltonian Ha = H* on £^(Z x Za) is obtained by restriction of Hb under 
some largely arbitrary boundary condition. More precisely, we assume that 

Ea = JaHa-HBJa ■ f {Z X Za ) ^ f {Z'' ) (1.5) 

satisfies 

sup |£^a(a:,a:')|e''(l"=+°l+l"^-"'il) < C3 < 00 , (1.6) 



where J'a : £^(Z x Za) £^(Z^) denotes extension by 0. For instance with 
Dirichlet boundary conditions, Ha = JaHsJa, we have Ea = [JaJa - ^)HBJa, 
i.e., 

I -Hb{x,x') , X2 < -a , 
I , X2 > -a , 



Eaix,x') 
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whence (jl.fill follows from p. 1(1 . We remark that eq. 1)1.1(1 is inherited by Ha 
with a constant Ci that is uniform in a, but not so for eq. ((1.2() as a rule. 

The definition of the edge Hall conductance requires some preparation. The 
current operator across the line xi = is — i [i7a,^i]- Matters are simpler if we 
temporarily assume that Z\ is a gap for HB^ i.e., if (j{Hb) flZi = 0, in which case 
one may set [^3 

CJE := -itvp'{Ha)[Ha,Ai\ , (1.7) 
where p G C°° (R) satisfies 

fl \ ^ A 

(1.8) 




The heuristic motivation for p. 7(1 is as follows. We interpret p{Ha) as the 
1-particle density matrix of a stationary quantum state. Though some current 
is fiowing near the edge we should discard it, as it is supposed to be canceled 
by current fiowing at an opposite edge located at X2 = +oo. If the chemical 
potential is now lowered by 5 at the first edge, but not at the second, a net 
current 

/ = -itv{{p{Ha + 5)- p{Ha))[Ha,A{\) = -i f dttr p' {H a - t) [H a, Al] 

Jo 

is flowing. Since aE is independent of p as long as it conforms with 1(1.8(1 . see 
and Theorem^below, it is indeed the conductance (Je — 1/5 for sufficiently 
small 5. 

The operator in ((1.7(1 is trace class essentially because i [H, Ai] is relevant 
only on (single-particle) states near xi — 0, and p'{Ha) only near the edge 
X2 = —a, so that the intersection of the two strips is compact. In the situation 
((1.2(1 considered in this paper the operator appearing in 1(1.7(1 is not trace class, 
since the bulk operator may have spectrum in A, which can cause the above 
stated property to fail for p'(Ha). In search of a proper definition of as, we 
consider only the current flowing across the line xi — within a finite window 
—a < X2 < next to the edge. This amounts to modifying the current operator 
to be 

-'-{A2[Ha,Ai] + [Ha,A,]A2) = -'-{[Ha,A,],A2} , (1.9) 

with which one may be tempted to use 

\im -'-tYp'{Ha){[Ha,A,],A2} (1.10) 
a — ^oo Z 

as a definition for aE- Though we show that this limit exists, it is not the 
physically correct choice. We may in fact expect that the dynamics of e"'*'^" 
acting on states supported far away from the edge resembles for quite some time 
the dynamics generated by Hb- Being bound states or, more likely, resonances, 
such states may carry persistent currents (whence the operator in 1(1.7(1 is not 
trace class), but no or little net current across the line xi = 0. This cancelation 
is the rationale for ignoring the part X2 > of the line xi = by means of the 
cutoff A2 in lll.9(l . however the cancelation is not achieved on states located near 
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the end point x = (0, 0). In the hmit a ^ oo we pretend these states are bound, 
which yields the contribution missed by 

-^(V'A,{[ifB,^],l-^}V'A) = Im(V'A,vlii?syl2VA) , (1.11) 

from each bound state ipx of Hb, with corresponding energy A € £a- We incor- 
porate them with weight p'(A) in our definition of the edge conductance: 

Mm -UYp'{Ha){[Ha,A{\,A2} 

+ p'WlmtTE{xyAiHBA2E[x} ■ (1.12) 

We will show that the sum on the r.h.s. is absolutely convergent, and its physical 
meaning will be further discussed at the end of the Introduction. We will also 
show it to be non-zero on average for the Harper Hamiltonian with an i.i.d. 
random potential in Theorem 13 

The terms of this sum involve Hb , though the few states for which they are 
sizeable are supported near x = (0, 0) and hence far from the edge X2 = —a. 
Since the mere appearance of Hb in the definition of an edge property may be 
objectionable, we present an alternative. The basic fact that the net current of 
a bound state is zero, 

-ii^Px,[HB,Ai]^jx) = 0, (1.13) 

can be preserved by the regularization provided the spatial cutoff A2 is time 
averaged. In fact, let 

AtAX) = ^ r e'"''Xe-'"''dt (1.14) 
^ Jo 

be the time average over [0, T] of a (bounded) operator X with respect to the 
Heisenberg evolution generated by Ha, with a finite or a = B. If a limit A^ = 
limT^oo ^t,b(^2) were to exist, it would commute with Hb so that 

-'-i^x,{[HB,A,],A^}^Px) = 0. 
This motivates our second definition, 

:= lim lim -Urp' (Ha) {[Ha, Ai],AtA^2)} ■ (1.15) 

The two definitions allow for the following result. 

Theorem 1. Under the assumptions fl.llM.'AM.cX n~R the sum in 1^1.1'^ 

is absolutely convergent, the limits there and in 1^1. 15]) exist, and 

(1) (2) 



In particular ^l.l'A \1.15}) depend neither on the choice of p nor on that of Ea ■ 
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Remark 1. i.) The hypotheses p. II 11.2(1 hold almost surely for ergodic Schro- 
dinger operators whose Green's function G{x, x'\ z) = [Hb — z)^^{x, x') satisfies 
a moment condition 3 of the form 

sup limsupE(|G(2:,2;';£; + ir;)|") < Ce"'^!^-^'! (1.16) 
for some s < 1. The implication is through the dynamical localization bound 

e( sup \g{HB){x,x')\ \ < Ce-'^l-"-'! , (1.17) 
\geB,(A) J 

although (|1.2|l has also been obtained by different means, e.g., ^^I- The impli- 
cation (fTTH]) (fTTTjl was proved in pj (see also [2.nT,T). The bound fLT7|l 
may be better known for supp g C A, but is true as stated since it also holds [HI 
m for the projections giHs) = P\, = I - Pa, (A £ A). 

ii. ) Condition 1(1.311 . in fact simple spectrum, follows form the arguments in 
(34j ■ at least for operators with nearest neighbor hopping, HB{x,y) = if |a; — 
v\ > 1- 

iii. ) When a{HB)r\A = 0, the operator appearing in 1(1.7(1 is known to be trace 

class. In this case, the conductance tr^^ = cr^^ defined here coincides with ctb 
defined in ((1.7(1 . This statement follows from Theorem^and the known equality 
ce = o'B f32Mf2] . but can also be seen directly. For completeness, we include a 
proof of this fact in Section 2 below. 

A point of view which combines both definitions of the edge conductance is 
expressed by the following result. 

Theorem 2. Under the assumptions of Theorem^ 

lim ~UYp'{Ha){[Ha,Al] ,A2..a{t)} 

a—>-oo Z 

^ <JB + ^ p'(A)Imtri;{A}[-ffB,A]e'^-*yl2e-'^-*£;{A} , (1.18) 
with A2;a{t) = e'"-^A2e-'"-*. 

In particular, this reduces to cr^^' — ctb for t = by ((1.111 [TT^ . On the other 
hand, cr^^ = gb results, as we will show, from the time average of ((1.18(1 . 

A recent preprint [Jj contains results which are topically related to but sub- 
stantially different from those presented here. In that work, two contiguous me- 
dia are modeled by positing a potential of the form U{xi,X2) = Vo{x2)x{x2 < 
0) -I- V{xi,X2)x{x2 > 0) (in our notation), where Vq is independent of xi. The 
role of V is that of a bulk potential, and that of Vo as of a wall, provided it is 
large. The kinetic term is given by the Landau Hamiltonian on the continuum 
I/^(M^), whose unperturbed spectrum is the familiar set (2N + l)B, with B the 
magnitude of the constant magnetic field. A result is the following: if model (a), 
with Vo = 0, exhibits localization in Z\ C [(2iV - 1)B, {2N + 1)B] for some pos- 
itive integer N, and hence as = 0, then model (b), with Vo{x2) > (27V -I- 1)B, 
has 2TTaE = N. The result is established by showing that the difference between 
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2TTaE in cases (b) and (a) is independent of V, and equals N ii V — Q, the two 
models then being solvable thanks to the translation invariance w.r.t. xi. 
In comparison to our work, the following features may be noted: 

i. ) The localization assumption on the reference model (a) is made for a system 
which has itself an interface. (Our eq. (1.2) concerns a bulk model serving as 
reference.) 

ii. ) The validity of that assumption is limited to small V, because the interface 
of (a) will otherwise produce extended edge states with energies in A. The result 
(^E = '^B thus applies to perturbations of the free Landau Hamiltonian of size 
< B. (Our comparison cfe = does not require either side to be explicitly 
computable.) 

iii. ) The definition of as for (b) depends on eigenstates in A of (a), like our 

(1) U J. i. (2) 

cr^ , but not . 

A model without bulk potential, but allowing interactions between diluted 
particles, was studied from a related perspective in [2S|- 

In Hl.llllTTT^ we argued that the limit 11.10|l is not identical to ctb. To indeed 
prove this, we show that the sum on the right hand side of H1.12|l does not vanish 
for the Harper Hamiltonian with i.i.d. Cauchy randomness on the diagonal. 

The Harper Hamiltonian models the hopping of a tightly bound charged 
particle in a uniform magnetic field. The hopping terms H{x, x') are zero except 
for nearest neighbor pairs, for which they are of modulus one, 

(...) 

where the non-zero matrix elements are interpreted as 

with A the magnetic vector potential and the line integral computed along the 
bond connecting x,x' . The magnetic flux through any region Z? C is 



/ B{x)d^x = f A{y)-d^y, 

Jd JdD 



SO, for a uniform field, the flux is proportional to the area 



JdD 



Thus, we require that 



(1.20) 

where x'^^\ x^'^\ x''^^ x'-^^ are the vertices of a plaquette P, listed in counter 
clockwise order and (f> is the flux through any plaquette. 
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There are niany choices of nearest neighbor hopping terms which satisfy H1.19|l 
and (|1.2Q(I . all interrelated by gauge transformations. For our purposes, it suffices 
to fix a gauge and take 

{1 , X = x' ± ei , 

ei-^-i , x = x' + e2, (1.21) 
g-i0a;i ^ x^x' -e2 , 

with ei — (1,0) and 62 — (0, 1) the lattice generators. This choice of i/^ comes 
from representing the constant field B = cj) via the vector potential A = xi). 
We note that the bulk and edge Hall conductances are gauge invariant quan- 
tities, so Theorem 13 stated below holds for any other choice of if^. We refer 
the reader to ref. |26| and references therein for further discussion of the Harper 
Hamiltonian. 

To guarantee localized spectrum, we consider a bulk Hamiltonian which con- 
sists of plus a diagonal random potential, 

Hb = H^ + aV 

where Vip{x) — V{x)^p{x) and V{x), x ^ I? are independent identically dis- 
tributed Cauchy random variables. Here a is a coupling parameter (the "disorder 
strength") and "Cauchy" signifies that the distribution v — V{x) is 



9 ■ 

IT 1 + 

We use Cauchy variables because it is possible to calculate certain quantities 
explicitly for such variables: E (/(«)) — /(i) for a function / having a bounded 
analytic continuation to the upper half plane. 

It is clear that Hb is short range, i.e., Hl.l(l holds. For simplicity we consider 
Ha which are defined via a non-random boundary conditions, i.e., the operators 
Ea appearing in l|1.5|l do not depend on the random couplings V(x). We then 
have the following result. 

Theorem 3. For Hb, Ha as above, there is js G C°° such that 

E(^-^lm^trp'{Ha){[Ha,A,],A2}^ ^ - J p'{X)jB{X)dX , (1.22) 

whenever p' g C^(M). The expectation is well defined and may be interchanged 
with the limit. Furthermore, jsW has the following asymptotic behavior 

jsW - -^sin(0)(cos(0) + 1)A-^ + 0{\-^) , |A| ^ 00 . (1.23) 

TT 

The result is relevant in relation to H1.12|l since it has in fact been shown that 
(|1.2|) holds for Hb at large energies: 

Theorem ([T|). There is Eo{a) such that (frT7|l holds for Hb and A ^ A± 

with Z\_ = {—oo,—Eo{a)] and Z\-|_ = [i?o(a), cxd). Hence (|1.2|) holds almost 
surely. 
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Remark 2. i.) For any a 7^ the spectrum of Hb is (almost surely) the entire 
real line, so the eigenvalues of Hb in A± make up a (random) dense subset 
which we denote £a± - In fact, this pure point spectrum is almost surely simple, 
as can be shown using the methods in jJJl- ii-) For sufhciently large a we have 
Eo{a) = 0, i.e., the spectrum is completely localized, iii.) Localization also holds 
inside the spectral gaps of H^, for small a, via the methods in ^S^- 

The mentioned result implies crB(A) — for A G Z\±, because <7b is insensitive 
to A in that range and P\ ^ 1 or as A cxd or — cx), respectively. Thus for 
p as in (|1.8|l with suppp' C A± we have cr^^'' = by Theorem ^ On the other 
hand, for the first term on the r.h.s. of (|1.12|) . Jb{p), we have by Theorem O 

E(Jb(p)) = ^sin(0)(cos(0) + l) / p'(A)A-5dA + O {X^"^) (1.24) 

I" J\X\>Eoia) 

as Ao = inf {|A||A G suppp'} 00. Clearly the right hand side can be non-zero 
for appropriately chosen p, and the same then holds for the expectation of the 
last term in H1.12|l . 

The definitions (|1.12l I1.15|l may be related, heuristically, to concepts from 
classical electro- magnetism of material media There the macroscopic (or 
average) current is split e.s j f + dP / dt + rot M into free, polarization, and mag- 
netization currents. (The magnetization M is a scalar in two dimensions.) The 
distinction depends on the existence of units (free electrons, atoms, molecules, 
...) each with conserved charge, whose current densities are effectively of the 
form 

j{x,t) = qr{t)5{x-r{t)) + -^^6{x-r{t))p{t) + rot{d{x-r{t))m{t)) , (1.25) 

where q,p{t),m{t) are the unit's charge and electric/magnetic moments respec- 
tively. The macroscopic quantities emerge as a weak limit of the microscopic 
ones 

^ (qki-kit)] (jf{x,t)] 

Y,S{x^rk{t)){ Pk{t) \ - <^ P{x,t) \ , 
k [ mk{t) J {M{x,t) J 

or more precisely after integration against compactly supported test functions 
which vary slowly over the interatomic distance. The microscopic current across 
the portion 0:2 < of the line xi = is then 



(1.26) 



The derivation assumes that A is smooth over interatomic distances. The last 
term in (|1.2t)|) comes from the corresponding term in H1.25|l . which is 32(5 (a; — 
r k{t))mk{t) . It cannot be replaced by adding (rotAf)i = 92 Af within the square 



I = -Y. d^xA'{xi)A{x2)jk.i{x,t) 

I.. -J 

<i?xA'{xi)A{x2) 
+ / d^xA' {xi)A' {x2)M{x,t) 



dP 

jf,i{x,t) + -^{x,t) 
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brackets, which would correspond to the macroscopic current. In fact, it differs 
from that by a boundary term, which would vanish if A(x2) were compactly 
supported. Let now the macroscopic fields be stationary and slowly varying on 
the scale of A' . In the QHE we expect that the (free) edge currents are located 
near the edge, so that (|1.26(l becomes 



When Af(0) is subtracted from the l.h.s., we obtain an expression for the edge 
current, which is the role of the second term in H1.12|l . In this analogy the 
definition (|1.15() corresponds to replacing ^1(3:2) hi the first line of H1.26|l by 
A{e2 ■ rk^r) where rk^r is the time average of rk{t). Then the last term no 
longer arises. 

The above discussion neglects the weighting p'(A) of energies in H1.12|l . This 
will be remedied in the following heuristic argument in support of (Tb = (Tg. In 
a finite sample of volume V the Stfeda relation (2S| asserts 

dN 

-^^^bV, (1.27) 

where N is the total charge of carriers, i.e., N ~ tr p{Hv) in the situation 
considered here. For the total magnetization M we have 

where /i is the chemical potential, as can be seen from the Maxwell relation jl5j 

To compute dHy/d(f) we use a gauge equivalent to (|1.21|) . with trivial phases 
along bonds in direction 62, and obtain for (|1.28|) 

1 dM 1 i , , , , , 

By (|1.27l n~^^ this quantity is formally ub- To relate it to cr^'' it should be 
noted that the total magnetization is not the integral of the bulk magnetization, 
even in the thermodynamic limit. For instance, for classical, spinless particles 
M vanishes but consists [52] of a diamagnetic, bulk contribution and a an 
opposite contribution from states close to the edge. These two contributions (in 
reverse order) may be identified in the quantum mechanical context with the 
two terms of H1.12|l . In this example, the expected edge term is negative for 
(f> > Q. This should also emerge from (|1.24(l when supsuppp' — > —00, and it 
does if one also takes into account that —H is the counterpart to the continuum 
Hamiltonian. 

In Section [3 we will present the main steps in the proof of Theorems ^ and 
El with details supplied in Section 13 The proof of Theorem |21 will be given in 
Section^ The appendix is about properties of ub- 
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2. Outline of the proof 

A reasonable first step is to make sure that the traces in H1.12I I1.15|l are well- 
defined. We will show this for 

(T£(a,t) :^ -\trp'{Ha)[Ha,A{\A2,a{t) , (2.1) 

with A2-a{t) = e'*-'^"yl2e~'*-^" , by proving that i [Ha, Ai] A2-a{t) e in LcnimaEl 
Here, 3i denotes the ideal of trace class operators, and we denote the trace norm 
by II -111. Then 



= -itvA2;a{t)[Ha,Al\P{Ha) 

= -itrp\HM2-a{i)[Ha,A^] , 

where we used that 

tiAB = ivBA\iAB, BA e li , (2.2) 
e.g., 123 Corollary 3.8]. The definition H1.15|l then reads 

r 

T— >oo a — >oo T 



(2) .. .. 1 



ct)j^ = Jim lim - / dtRecr£;(a,t) . (2.3) 



By the argument given in the Introduction, the trace norm of the operator in 
(|2.1(l diverges as a — > oo. To see that its trace nevertheless converges we subtract 
from it an operator Z{a,t) £ Ji, to be specified below, with tr Z(a,t) = 0, 
implying 

<JE{a,t) = -itY{p'{Ha)[Ha,Ai]A2.,a{t)~Z{a,t)) . (2.4) 
The idea, of course, is to choose Z{a, t) so that 

snv\\p\Ha)[Ha,Ai]A2.At)-Z{a,t)\\^ < oo . (2.5) 

a 

An operator of zero trace is [p{Ha),Ai] A2; it is trace class (see Lemma O 
and its trace, computed in the position basis, is seen to vanish. Though it does 
not quite suffice for H2.5|l . we consider it since [p{Ha),Ai] and p'{Ha) [Ha,Ai\ 
are closely related: From the Helffer-Sjostrand representations (see Section 3 for 
details) 

p{Ha) = ^ j dm{z)d-,p{z)R{z) (2.6a) 

p'{Ha) = f dm{z)d,piz)Rizf , (2.6b) 
In J 

with R{z) = {Ha — z)^^, we obtain 

[piHa),Ai] = j dm{z)d-,p{z)R{z)[Ha,A^]R{z) (2.7a) 

p'{Ha)[Ha,A^] = J dm{z)d,piz)R{zf[Ha,Ai] . (2.7b) 
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The two expressions, multiplied from the right by A2, respectively by A2-ait) as 
in (|2.1(l . would have an even more similar structure if in the second a resolvent 
could be moved to the right. This can be achieved under the trace by setting 

Z{a,t) = [p{Ha),Ai]A2 

" i / (i?(z) [Ha, Ai] A2.,ait) ~ [Ha, ^l] A2,a{t)R{z)) , 

(2.8) 

for which tTZ{a,t) = 0. Then l|2.4|l reads aE{a,t) = trZ'a(t) with 



\Eait) := -[p{Ha),A{\A2 (2.9) 
+ j <^rn{z)d,.p{z)R{z)[Ha,Ai]A2;a(t)R{z) 



[p{Ha),A^]{A2.At)~A2) (2.10) 

1 



2ti 



dm{z)d,p{z)R{z) [Ha, ^1] R{z) [Ha, ^2;a(i)] R{z) , 



where, to obtain the last expression, (|2.7al) multiphed by A2-a{t) has been added 
and subtracted, and [R{z) , A2-a{t)] = —R{z) [Ha, A2-ait)] R{z) has been used. 
We remark that equality of 12.9|l and H2.10|l also holds for Hb, i.e., if we replace 
Ha by Hb and A2,a{t) by A2,B{t) - e'"^'A2e-'"^', and set R{z) = {Hb - z)-\ 
We will show 

aEia,t) = trSait) > tr IJBit) (2.11) 

a — >QO 

and, incidentally, (|2.5(l by establishing: 

Lemma 1. Under assumptions \l.b]} . but without making use of 1) i.M \1.!A 

\r^, we have for p' e C^{R) 

\[jaS'am: - s'smi — > o, (2.12) 

a — 'oo 

[[jaS':m: - sumi — > (2.13) 

a — *oc 

uniformly for t in a compact interval. 

Note that the replacement A i-^ JaAJ* simply extends by zero an operator on 
f2(Z X l^a) to one on In particular \\JaAJ*\\^ = \[A\[^ and JaAJ* = 

txA. 

For the rest of this section on we shall only be concerned with Bulk quantities 
like iYT,B(t). By (|0[TTT|l . the statements to be proven are 

Retri:B(t) ^ OB + p'(A)Imtri;{A} [i?B,^]e'^«*yl2e-'^^*£;{A} 
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for Theorem 2 and part of Theorem 1 , and 

hm - / trSBit)dt = (JB (2.14) 

for the other part, where actuaUy the real part of the l.h.s. would sufhce. It may 
be noted that the p's allowed by (|1.8|) form an affine space and that IJB{t), like 

'^E^t I affine in p. The relation to ctb will be made through the following 
decomposition, which exhibits the same property for this quantity. 

Lemma 2. Let Zi C M. fee as in Theorem^ and let E^, be the spectral 
projections for Hb onto {A | A < A\, resp. {A | A > A}. Then, for Xq E A 

aB(Ao) = it! E^ [Px,, Ai] A2E^ + itr E+ [Pxo, Ai] A2E+ + itr EaTx^Ea , 

(2.15) 

where Pao = E(_^^Xo)> 

Tao = Px,A,P^^A2Px„ - P^A^Px^A^P^^ (2.16) 

and the traces are well defined. Moreover, the last term in H2.15|l can be further 
decomposed as 

itr EaTx„Ea = 51 itri;{A}[PAo,vli]yl2£;{A} , (2.17) 

with absolutely convergent sum. 

Since ctb is independent of Ao G A, H2.15|l with the last term replaced by the 
r.h.s. of (|2.17|l also holds if Faq is replaced by p satisfying H1.8|l . since p{Hb) = 
— J dXop' {Xo)P\g. The proof of Lemma|2 which is given in SectionO makes use 
of 

1 = E^ + E+ + Ea , Ea= ' (2.18) 

where the sum is strongly convergent. Using this decomposition on SB{t) G 3i 
we obtain 

trSB{t) = trE^ (^S'b + S'^{t)'^ E^ + tr E+ (^S'g + S'^{t)'^ E+ 

+ iiEASB{t)EA ■ (2.19) 

Though the two contributions H2.9|l to SB{t) are not separately trace class, 
they become so in H2.19II . In fact, those of E±S'gE± also appear in (|2.15(l . 
and E±Eg{t)E± vanish by integration by parts since E±R{z) and R{z)E± are 
analytic on the support of p{z) or of p{z) — 1. We thus find that 

tiSBit) = aB+i J dXop'iXo)tiEATxgEA+tTEASBit)EA ■ (2.20) 

At this point the analysis of the last term splits into two tracks with the 
purpose of showing tr^-' = ctb, resp. cr^'' = ct^. 
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2.1. Track 1. We decompose the projection E/\ into its atoms as in H2.18(l . which 

by 

x„^o,re3i =^ ^0, ^0 (2.21) 

yields a trace class norm convergent sum for E^SB{t)EA- Thus 



Again, the contributions Es^x}S'gEi^x] are themselves trace class as they match 
those of (|2.17(l . canceling the second term of l|2.2()|l . We conclude that 

= '^B + I ^TT^{z)dsp{z)trE{y,}R{z)[HBAi]A2At)Riz)E{x} 

^ ae - lY p'(A)tri;{A}e-'^-*[i/B,yli]e'^-*yl2S|A} , 

(2.22) 



where we used that f{HB)E^x} — fWE{x}- By its derivation this sum is abso- 
rb'' 



lutely convergent for each t. This proves Thm.[21and hence = aB- 



2.2. Track 2. Here we do not decompose E/\, but use p. 10(1 whose two terms 
are separately trace class, 

trEASB{t)EA = trEAS'Bit)EA+trEAS'^it)EA ■ 



Lemma 3. For A cM. as in Theorem^we have 

^ [ ivEASUt)EAdt > 0, 



(2.23) 



and 

-iivEA[Pxo,Ai]{ATAA2)~ A2)Ea > UtEaTx^Ea (2.24) 

T — ^oo 

for Xq e A, the expression on the l.h.s. being uniformly bounded in Aq G A, 
T > 0. 

By dominated convergence ((2.24(1 implies 

i / tvEAS'B{t)EAdt > -i / AX^p'{X^)tvEATx,EA. 

Together with ((2.201 12.23|) . this proves 1(2.14(1 and hence cr^' = (Jb- 
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2.3. Alternate Track 2. We now show that the last result can also be inferred 
from (|2.22(l . at least if assumption Hl.Hfl is strengthened to a uniform upper 
bound on the degeneracies: 

AmiE!^x}{HB) < C4<oo, XeEa- (2.25) 
Then, the sum H2.22I) is uniformly convergent in i G M, as stated in 
Lemma 4. Assuming \1.S\ \2.25p . we have 

V sup|trS|;,}e-'^«*[HB,yli]e'^«%S{;,}| < oo . (2.26) 
In order to prove it suffices m view of to show 

lim ^ [ tri?|;,}e-'^«*[i/B,A]e'^«*yl2i?{A} = (2.27) 

for each \ € £a- Because 

tri?{,}e-'^«*[i7B,^i]e'^«*/l2i?{A} = tv E^^^e-'"-' A,e^"-' A2E{^} , 

(2.28) 

the expression under the limit is just 

^ [trE{^}e-'"^'A^e'"^'A2 - trE^^^A^^] ■ (2.29) 

Since each term inside the square brackets is bounded by C4 < 00, eq. H2.27|l 
follows. This concludes the alternate proof of ct^ =0-5. 

2.4. Edge conductance in a spectral gap. We conclude this section by showing 
as mentioned above in the remark following Theorem ^ that 

-iiTp'{Ha)[Ha,Al] = 0-B 

if (j{Hb) n Z\ = 0. By translation invariance of ctb, see Lemma [T] below, it 
suffices to show this for a — 0, in which case we drop the subscript a of the edge 
Hamiltonian. It has been shown in (A. 8) of 12 that p'{H) [H,Ai\ G 3i. Since 
A2.a '■= A2{- — a) ^ 1 as a — > 00, we have by H2.21|l 

-itrp\H)[H,Ai] ^ -i lim tv p'{H)[H,Ai]A2,a 

a — *-oo 

= -i lim trp'(i7") [i^^yll]yl2 . (2.30) 

a — >oc 

Here if" is the operator on ^^(Z x Z^) obtained from iJ by a shift (0, —a); it 
is not the restriction to Z x of a fixed Bulk Hamiltonian Hb, as Ha was, 
but instead of an equally shifted one, H%. The estimates (HTHIIIHl) therefore still 
apply, which is all that matters for 1)2.121 The r.h.s. of (|2.3UI) thus equals 
limo^oo tx Sgifi), where S%{t) pertains to Hg. Since the sum in H2.22|) vanishes, 
ti Eg{t) = a%, which is independent of a. 



Equality of the bulk and edge Hall conductances in a mobility gap 



15 



3. Details of the Proof 



We give some details about the Helffer-Sjostrand representations (|2.6|l . The inte- 
gral is over z — x + iy ^ C with measure dm{z) = dxdy, dz = dx+ idy, and p{z) 
is a quasi-analytic extension of p{x) which, see (ISj, for given n can be chosen 
so that 

n+2 



dm(z) \dzp{z) \ \y 



-p-i 



< 



fc=0 



k—p — 1 



(3.1) 



for p = 1, ...,n, provided the appearing norms ||/||j, = /da;(l + x'^)^\f {x)\ a re 
finite. This is the case for p with p' e C(J°(]R). For p = 1 this shows that l|2.6b|l is 
norm convergent. The integral (|2.tia|) . which would correspond to the casep = 0, 
is nevertheless a strongly convergent improper integral, see e.g., (A. 12) of |12j . 
A further preliminary is the Combes-Thomas bound 



Ra{z)e 



where 5 can be chosen as 



5-^ = C(l 



< 



I Im z I 



C 



1UYZ\ 



(3.2) 

(3.3) 
(3.4) 



for some (large) C > and t{x) is any Lipschitz function on 1? with 

nx)-£{v)\ < \x-y\ 
(see e.g. |21 Appendix D] for details). 
Lemma 5. We have 

[Ha,A,]A2.,a{t) e 3i , (3.5) 
and for p G C°° (M) with supp p' compact also 

[p{Ha),Ai]A2;a{t) e 3l . (3.6) 
In particular, Z{a,t) as given in (|2.8() is trace class. 

Proof. We first prove the finite propagation speed estimate (see ^31 and |23p: 
Let /X > be as in Hl.l|l . Then, for < (5 < /i and £ as (|3.4|) . 

< e'^l*! (3.7) 



^se{x)^iHat^-seix) 



for some C < 00. 
Indeed, let A{t) = g-'^^^^e'-f^-'e-'^^^^). 

^^AityAit) ^e-*^(^)e-'^"*e2«(-)e'^"*e-«(") = AitySAit) , 
where B — — ie^''^(^) [Ha,e^^^^^^ g-2i5f(i;) matrix elements 

iBix,x') - i7,(x,x')(e^W-')-^(-»-e^W-)-^(-'»). 



16 



A. Elgart, G. M. Graf, J. H. Schenker 



By which, as remarked in the Introduction, is inherited by Ha, and by 

Hohngren's bound 



||B|| < niax(sup^|S(x,x')l, sup^|B(x,a;')l ) , 

we have 2C := < oo and hence 

||A(t)f = \\A{tYA{t)\\ < e^^l*! . 

We factorize 

[Ha,A,]A2.a{t) - [i?a,vli]e^l^^l -e-^l^^le-^'^^l •e^l^^lyl2;aW , 
and note that 



(3.8) 



< C5-^ 



(3.9) 



since this is a summable function of (xi, 2:2) G Z'^. It is therefore enough for (|3.5|l 
to show 



e^l"=l^2;a(i) 



< c, 



(3.10) 
(3.11) 



for sniaU 6, where the first estimate also holds for a — B. Indeed, the first 
operator has matrix elements 

T{x,x') = Ha{x,x'){A,{x)~Ai{x'))e'\^'^^. 

They vanish if \xi — x'i\ < \x[ \ since x'l > (resp. x'l < 0) then implies the same 
for xi. Therefore 

\T{x,x')\ < 2\Ha{x,x')\e'\^'-<\ < 2 |ff„(a;, a;')| e^l^"^'' , 

which together with T{x,x) = yields |T(x,a;')| < C\Ha{x,x')\{e^\''~^'^ - 1). 
Now (|3.10|) follows from Hl.lfl and 1)3. 8|l . The estimate for 

e'^l="=^lyl2;a(i) = e''l^2le'^°*e"*l^^l • e^l^^lylae-'^"* 

follows from and from ||e"'l^2lyl2|| = e'^'' < 00. 
The proof of l|3.6|l is similar: Using l|2.6|l we write 



[p{Ha),Ai] = J dm{z)d,p{z)[Ra{z),Ai] 



and claim that 



[Ra{z),Ai]e' 



S\xi I 



< 



c 



Im z 



(3.12) 



(3.13) 



for 6 = S{z) as in Together with (gH EH EHJ this implies (ESJ. To 

derive (|3.13|) . note that the operator to be bounded is —Ra{z)[Ha , Ai]e^^^^^ ■ 
e-^^^^^^ Ra{z)e^^^^\ and the bound follows from (jX^IXTUjl . 

The conclusion about Z{a,t) follows from H3.6|l at t = and (|3.1I I3.5|l . □ 
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3.1. Proof of Lemma^ It follows from (|3.6(l that Sa{t) is trace class. While 
(13.1^^(1 holds uniformly in a, including the Bulk case, H3.11|l fails in this respect. 
Nevertheless Sg{t) G 3i, since 



sup 

a,B 



e'l"^l(^2;a(i)-^2) 

for t in a compact interval. In fact 

e'l'^l (^2;a(i) - VI2) = e-'l^^l 



< c 



(3.14) 



Jo 



with 



sup 

a,B 



< c 



(3.15) 



because of (jTT^ a nd of ||e^ l"=^l [g a,yl2]|| < C, c.f. |TTn|l . 
To prove we use (pTT^ and J* J a = 1 to write 



1 

"2^ 



dTO(z)92p(z) 



X X [i?a(z),^i]e^l^ilj-; -e-^l^ile-^l^^l • J^e^l^^l (yl2;a(i) - VI2) j; 

It is enough to establish convergence to the bulk expression pointwise in z, since 
domination is provided by H3.131 13.91 13.141 13. 1|) . Wc thus may show 

Ja\Ra{z),A^\S--\J: [i?B(z),^]e*l-il , (3.16) 

a — 'oo 

Ja{A2:ait)-A^)j:S-^^ [A^^ - A-,) S^-^ . (3.17) 

a — >C30 

Since the l.h.s.'s are uniformly bounded in a by H3.131 1X1^ it suffices to prove 
convergence on the dense subspace of compactly supported states in {Z x Z), 
which amounts to dropping e"^'^'' in (|3.16llXT7|) . Eq. 11.5|l implies the geometric 
resolvent identity JaRa{z) — RB{z)Ja = —RB{z)EaRa{z), and by taking the 
adjoint 

JaRa{z)j: - Rb{z) = -{JaRa{z)El + \-JaJ:)RB{z) 

a — >oo 



because E* 



by H1.6|l and because 1 - JaJa 



is the projection 



onto states supported in {x2 < —a}. This imphes ^1, Thm. VIII. 20] 

s-\imJafiHa)j: - fiHe) (3.18) 

a — *oo 

for any bounded continuous function /, and in particular the modified limits 
(|TT^ITT7jl . The proof of ifTT^ is similar. Wc write the integrand of JaS'^{t)J* 
as 



Ja [i?a(2), ^] e^l^ilj; -e-^l^ile-^l^^l -Xc^l^^l [Ha, A2.At)] Ra{z)j: 
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Since the estimates for the first two factors have aheady been given, aU we need 
are 



sup 

a,B 



e''"^l[ifa,vl2;aW] < C, 

Ja[Ha,A2:a{t)]j: [i/B,^2s(i)] • 

a — >oo 

The first estimate is just ()3.15|l and the second is again imphed by H3.18|l . □ 



3.2. Proof of Lemmal^ Let P^_^ = 1 - Px„. By the definition p.4|) we have 

^^(Ao) = itr {Px.A.P^^A^Px, - Px„A2P^„A,Px,) . 

Since the two terms are separately trace class by (|A.2(I . we also have — io'B(Ao) — 
trTAo with as in lfTTC|l : see Now (|TTH|l yields 



AasiXo) = tr 



and the claim follows from 

trPrAo^ = trP[PA„,vli]/l2P 

for P = P* with PP^^ = or PPao = 0, since one or the other holds true for 
P = E±, E^x}- Indeed, in the first case, which also entails Px^P = 0, we have 

PTa^P = PPaovIiPa'^vIzPaoP - P (PA^yli/la - ^iPao^) ^ 

= P[PAo,vll]yl2P. 

The other case is similar: 

PTa„P = -PP^^A.Px^A^P^^P = -P{P^^A,A2-A,P^^A2)P 

= -P[P^^,A,]A2P = P[Px,,A,]A2P . □ 



3.3. Consequences of localization. We now discuss the technical consequences of 
assumption l|1.2|l . In fact, all that we say in this section is a consequence of the 
following (weaker) estimate 

sup l5(i?B)(a;,2;')|e-^'^le''l^^^'' D, < oo , (3.19) 

for every e > 0, where the factor (1 + la;])"*^ of (|1.2|l has been replaced by an 
exponential. Note that (pTll^ follows from |(l21 since e'^l'^l < Ce,^(l + |x|)-^. 
(We require (|1.2(l to prove integrality of 2TTaB (Prop. |21 below), otherwise H3.19|l 
would suffice for the results described here.) 

In terms of operators, rather than of matrix elements, (|3.19|) implies that for 
some /i > and all e > 



sup 



< < oo 



(3.20) 
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where the supremum with g G Bi{A) is also taken over Lipschitz functions £ as 
in H3.4(l . In fact, the norm in (|3.2Q(I is estimated by Holmgren's bound (|3.8(l as 
the larger of 

sup^e'^(^(")-^("'»e^"l"l \giHB){x,x')\ (3.21) 

x' 

and a similar quantity with x^x' under the supremum and summation inter- 
changed. After bounding the supremum by a sum, both quantities are estimated 
by H3.19|l . Conversely, we take l(x) = |x — x'\ and consider the (a;,a;') matrix 
element of the operator in (|3.2()|l , 



^ii\x — x' I ^ — e\x\ 



\g{EB){x,x')\ < D,. (3.22) 



The sum in H3.19|l is finite if /i is replaced there by /i/2 and e by 2e. 

We say that a bounded operator X is confined in direction i (i = 1, 2) if for 
some S > and all (small) e > 



\e,S ■ — 



Xe-^l^le'^l^'l 



< oo . (3.23) 



Bounds of a similar form are (|3.13l 13.14(1 . where a weight was applied to an 
operator X, which could have as well been replaced by X* . Equivalently, the 
weight could have been placed on either side of X. Here, by contrast, dynamical 
localization will allow to establish ((3.23(1 for some operators X, but not for their 
adjoints. The asymmetry originates from the following: if X is confined, so are 
BX for B bounded and XgiHs) for g e Bi{A), with 

\\BX\\% < \\B\\ , (3.24) 

\\XgiHB)\\%< (3.25) 

for small 5 > 0. In fact. 



Xg(i/B)e-^l"le' 



e\x\ S\x2\ 



< 



-{S\x2\-i\x\) 



(S\x2\-^\x\) 



and for sufficiently small e,5 > Q the Lipschitz norm of 5\x2 \ — ^\x\ is smaller 
than /i, whence ((3.20(1 applies. 

Lemma 6. Let S d R be a Borel set that either contains or is disjoint from 
{A|A < A} and similarly for {A|A > A}, i.e., Es G Bi{A). Let X be a confined 
operator in direction i (i = l,2). 

i) The following operators are also confined in direction i, as indicated by the 
estimates 

\\[X,g{HB)]\\fl < C\\X\\f, , {geB,{A)), (3.26) 
\\E^XEs\t^^, < C\\X\\f^, . (3.27) 
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ii) If in addition S C A, then the following operators are also confined 

mB,Ar.BiX)]Estl < f , (3.28) 

\\iAT.BiX)~X)Es\ff, < C\\X\\fs : (3.29) 
and given 5' C M with d — dist(S', S") > 0, 

\\Es>AtMX)Es\\^^1 < . (3.30) 

Hi) Properties (i, ii) also hold for X = Ai, with HXHi'-*^ replaced by 1. 

The constants C depend on e, 5, hut not on the remaining quantities, except for 
()3.3U|) which depends on d. 

The main use of confined operators will be through the following remark: If 
Xi, (i = 1, 2), is confined in direction i, then X2X* 6 3i with 

\\X2Xl\\, < C\\X2\Q\\X,\\^^} (3.3f) 

for 2e < S. In particular, if also XIX2 G 3i, l|3.31(l is a bound for tr Xj*X2 — 
trXa^i*. Indeed, (jOT|) follows from e-''l^==le2^l^le~'^l="il = e-(*~2e)|x| ^ 

34. Proof of Lemma\^ For X confined, is implied by 1(2231 ■ We 

thus consider X = Ai, where it is enough to estimate 

[yl„g(i/s)]e-^l"le±*'-' = A,g{HB){l - A,)e-'\-\e^''-'^ 

+ (1 - A,)g{HB)A,e-'\-\e^'^' . 

In the + case, for instance, the second term is bounded because AiB^^^ is. By 
(|3.2U|) this holds for the first one too. 

From now on the switch functions and the confined operators will be treated 
simult aneou sly. Eq. lliOTIl follows from (pOHjl and E^XEs = E^ [X,Es\. To 
prove (|3.28|l we consider 

T-\[Hb,AtAX)]Es = ie'"^^Xe-'"^^ -X)Es 

= e'^«^ {Xe-''"'''^Es - e-'^^'^EsX) Eg - E^XEg . (3.32) 

The term in parentheses is bounded by (|3.2t)|) for g(A) ~ c^^''''^ Es{X). The norm 
(IX^ of is uniformly bounded in T e M by IX^ IXTfjl . The same 

bound applies to 

{At,b{X) ~ X)Es = ^ r dt{e'"-'Xe-'"-'-X)Es . 
^ Jo 

We now turn to H3.30|l . which is related to an integration by parts lemma of 
Since S C A and d > 0, there is a contour 7 in the complex plane (of length 
< 4|Z\| + 2d) encircling S once, but not S' , at a distance > d/2 from both. Then 

X ^ — [ dzR{z)Es'XEsR{z) 
27r 
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is convergent in the norm H3.23(l because of (|3.24l I3.27|l (note that {2/d) 
Es{\){z — A)^^ G Bi{A)). Its commutator with Hb is 



1 

27ri 



dz [Hb - z, R{z)Es'XEsR{z)] 
^ / dz{Es'XEsR{z) - R{z)Es'XEs) = Es'XE, 



Therefore, Es'At,b{X)Es = At,b{Es'XEs) = Es'i[HB, At,b{X) 
the claim follows from H3.28|l . □ 



£'5 and 



3.5. Proof of Lemma\^ We first prove H2.23|l and begin by recaUing, see H2.1UL 
[mjl . that 

i / tr EASUt)EA = ^ I dm{z)d,p{z)trEAR{z)[HBAi]- 

■R{z)[Hb,At,b{A2)]R{z)Ea ■ (3.33) 
By (E21E211E!lHll we have for small 5>0 

\\R{z)[HB,ATAA2)]R{z)EA\\f} < ^\linz\-\ 

and, together with H3.10|l . 

\\[Hb,A,]R{z)Ea\\[]1 < C\lmz\-' . 

By the trace in H3.33|l is bounded by a constant times T~^\ Imz|~'^. As 

the constant is independent of z, H2.23|l now follows by means of 1)3.111 . 
The operator under the trace in 12.24|l is 

EaP).oMMb{A2) - A2)Ea - EaAiPxMtMM) - A2)Ea 
= E^P^^A^Pt^^ ■ {At,b{A2) - A2)Ea 

- EaP^A^Px, ■ {At,b{A2) - A2)Ea ■ (3.34) 

We claim that the two terms on the r.h.s. are separately trace class. In fact H3.27|l 
implies \\P\gAiP^^e~'^^''^e^^'"'^^\\ < C, and similarly with Pxg,P^^ interchanged, 
and the bound H3.14|l also apphes with ^7^,3(^2) in place of /l2,B(i)- (Note 
however that the bound so obtained is not uniform in T.) 

A factor , resp. P^^ , may now be cycled around the traces of the two terms 
on the r.h.s. of (|3.34|l . The trace I2.24|l thus equals 

tr EaPxo A,P^^ ■ P^^ At,b {A2)Px„ Ea 

- tr E^P^^A^Px, ■ PxoATAA2)PtoEA ~ tTE^Tx^E^ , (3.35) 

where we used that the two terms of T\g, see (|2.16ll . are separately trace class. 
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We next show that the first two terms of (|3.35() are uniformly bounded in 
Xa e A,T > 0. Indeed, Xi = P^^AiP^.E^ and X2 = PiAT,B{A2)Px,EA = 
P^^{AT,B{A2)-A2)Px,,EA + Pt,A2P\oEA are uniformly confined by (|3.27II3.29|I 
and the conclusion is by (|3.31l) . 

Finally, we will show that these two terms vanish as T — *■ cx), pointwise in 
Ao G A. The first one is split according to P\„ — P\ + (Pao — ^'a) for any A < Aq, 
XeA: 

tYPt,ATAA2)PxoEA ■ EaPxAiPL 

= trPt,ATAA2)PxEA ■ EaPxoAiP^^ 

+ iYPi^AT,B{A2)PxoEA ■ (Pxo - Px) ■ EaPxAiP^o 
= 1 + 11. 

In II, we extract the weights of the confined operators, so that the middle 
factor becomes 

. e-|(l^iH-|^2l)g2e|a;| ^ 

For 5/2 > 2e the operators on the sides are trace class, and the middle one is 
uniformly bounded in A G Z\ by (|3.2U|) . Moreover, it converges weakly to zero as 
A t Aq, as this holds true by P\g — Pa — > for matrix elements between states 
from the dense subspace of compactly supported states in £^(Z^). Using 

x„^o, ri,r2e3i ||riX„y2|li ^ o , 

we conclude that II can be made uniformly small in T by picking A close to Aq. 
The term I is then seen to be 0{T-^) by IpOHjl with S = (-00, A) n A and 
5" = [Ao,oo). 

The second trace in (|3.35|l is dealt with slightly differently. We insert Paq — 
Px + Ea{Pxo ^ Px)Ea for a < Aq, a e Z\, which yields two well-defined traces. 
The second can be made uniformly small in T , as was the case for II above. The 
first one, which by ijOJ) equals tr PxAT,B{A2)Pt^EA ■ EaP^^AiPx, is 0{T-^) 
by this time with 5" = [Ao, 00) D A, S' = (-00, A). □ 



3.6. Proof of Lemma^ We shall need a particular choice of basis {tpx-.j} for 
rani?{A}7 which is related to a SULE basis (The issue is only of rele- 

vance if A G 5^ is degenerate, since otherwise tpx is unique up to a phase.) We 
claim a basis can be chosen so that (|3.20|) applies not only to g{Hx) = P{a} — 
'^ipx-.j {i^X;j I ■ )j but also to the rank one projections into which it is decom- 
posed (upon changing fi, D^, depending on C4). Since ||0 (i/) • )ll = ll'/'ll II^IL this 
amounts to 

A;, e-^^(-)^A;, 



sup 



1^, 



(3.36) 



In fact, since -^{a} ^) — tr^'{A} ^ C^, we may pick xq G 1? such 
that £;{A}(a;o,a;o) = max^; E{x}{x,x). Let i/'A;o(a:) = E{x}{x,xo) / E{x}{xo,xoY/'^ . 
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This normalized eigenfunction satisfies the bounds 

\lp\;0{x)\ < 



i?ee"l"°le-^l---"l/^;|A}(xo,xo)i/2 ^ 
£;{A}(xo,xo)i/2 ^ 



The first one follows from H3.22|l for giHs) = Es^x], and the second from 

Combining them into a geometric mean yields |V'(2^)I < ]jg Q^\^o\Q-'i\x-xo\ 
by the triangle inequality, 

|V'A;o(a;)V^A;o(a;')| < i:)^e^l=^«le-^(l=^-^°l+'^'~="°l) < D.e'^^^e-d-'^-'''^ . 

For small e the bound H3.22|l is reproduced for ip\-Q {ip\-o , • ) in place of £^{a}i 
with a smaller value of fi. Since the rank of E^^} ~ V'A;0 (V'A;0 i ■ ) I^ss 
than the rank of E^xy, the task is completed by induction. 

After these preliminaries, we turn to the proof of Lemma^lproper. We denote 
by £a the eigenvalues in £a listed according to multiplicity. More precisely, we 
let £a be the set of pairs ( = (A; n) with X € S^, and n a non-negative integer 
less than the multiplicity of A. The eigenvectors {ipc;, C G £a} constructed above 
are an ortho- normal basis for ranEA ■ 

Let, for ( G £a, 

Mc = min(PiVclMI(l-^i)V^clUP2V'cll,||(l-^2)^cll) • 
We claim that 

^ M<; < oo . (3.37) 

This states that almost all eigenfunctions are localized in at least one among the 
left, right, upper, and lower half planes, and hence in at most two (intersecting) 
ones. In particular almost no eigenfunction encircles the origin, which makes 
them insensitive to a flux tube applied there — a fact used in some explanations 
[TTII^ of the QHE . 

We apply (|3.36(l to -(/'c (V'Cj ^^'^ use that for rank one operators ||(/) (i/', Oli = 
||0||||i/'|| to obtain ||e'^'^(^)e-'^I^IV'clll|e"^^(''Vcll < D,. For e{x) = xi we have 
Ai{x) < e^'^^f^^ implying 

CsPi^cir' > Ije'^^^e-^I^IVc 

similar estimates for 1 — Ai, A2, and 1 — A2 have xi on the r.h.s. replaced by 
—xi, X2, and —X2 respectively. Therefore, 



= max (pi^cir' ,11(1 - ^imr' , , 11(1 - vi2)^cir') 
> 1 (piVcir' + 11(1 - ^)V'cir' + WMAir' + ii(i - ^)^cir') 

4C2 V ^ 

1 / o.M,., \ 
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where we use e^^l^'il +e2^l'=2l > e^^l^il+'^'^'l Now let e > be small enough that 
5 := ^ - 2e > 0. Then 



< 2D, 



where in the last step we have applied Jensen's inequality with the convex func- 
tion i I— > <:~2. As {V'c ■ C & ^a} are ortho-normal, we conclude that 

< 2Detre-^*l^l < oo, 

proving (3.37). 

We can now estimate the traces in H2.26|l : 

C=(A;-) 

(3.38) 

By inserting A2 = 1 — {I ~ A2), the terms on the right hand side may also be 
expressed as 

\{i^cdHB,Ai]e'"^\l~A2)i^c)\ . 

Using 

(Vc,[i?s,A]0) 



iA,ij^,{X-HB)cf>) - - ((1 - yli)Vc, (A - i/B)0) ^ 



one sees that (|3.38|l is bounded by a constant times X]c=(a- ) -^C' right 
hand side of H2.26|l is bounded by M^. □ 



4. Analysis of the Harper Hamiltonian 

In this section we prove Theorem |31 which shows that the contribution from bulk 
states in H1.12|l can be non-zero. We begin with the following proposition: 

Proposition 1. Let fi{Vx}^^^d) be a function which is bounded and continuous 



in the product topology on {{Vx}^^^,'' |Inr^ < 0} = C- . If f is separately 
analytic in each Vx, then 

E(./) = ./({-iW), (4.1) 
where E (•) represents the average with respect to the product measure 



supported on {{Vx}x£z<' ^ ^} ^ • -^^'^ same statement holds for C+, -l-i 
in place ofC-, — i. 
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Proof. Let Sj be an increasing sequence of finite sets with Unij Sj ~ UjS'j = Z"*, 
and let JF? denote the a-algebra generated by {Yxj^^s"^- conditional expec- 
tation with respect to JF| is given by "averaging out" the variables {Vx}x^s ■ 
Thus 

Because / is bounded and separately analytic in each Vx, we may evaluate the 
integrals on the right hand side by residues to obtain 

mVAxes^) = X m.es^) ■ 

Because / is continuous and linij^oo {— ij^igSj x {Vx}x^s'' ^ {^iliezt* ^^^^ 
product topology on C_ , we have 

lim f,m}xes^) = /({-i}.6Z<^) 

for any {Vx}^^^d £ K^"*- Since fj are uniformly bounded and E (fj) — E (/) for 
every j, we conclude by dominated convergence that lini) holds. □ 

Turning now to the proof of Theorem 13 we first recall that, by Lemma ^ 

-i lim tr p' {Ha) {[Ha, Ai] , A2} = Retri;^(0) , (4.2) 

Z a — >oo 

where 

iS'^iO) = 1 dm{z)d-,p{z)iY RB{z) Rb{z) [H^,A2] Rb{z\ . 

Tb{z) 

In going from (|2.10() to the above expression for Sg{0) we have replaced Hb 
by H^ in the commutators [Hb , Ai] since the random potential commutes with 
each switch function Ai. 

By Lemma^ we have sup^ [tr p'{Ha) { [Ha,Ai] ,A2}[ < C < 00, with a 
constant C that depends on p and on the bounds CijCa in II. 6| . but not 
on the random constant C2 in (|1.2|l . Since the constants Ci, C3 are non-random 
in our setup, the expectation in 11.22|l is well defined, and furthermore can be 
exchanged with the limit. 

We claim that for Im z 7^ 

E(trTB(z)) = trT^{z + iaa{z)) , (4.3) 

where T^{z) R^{z)[H^,Ai]R^{z)[H^,A2]R4z), with R^{z) = {H^ - z)-\ 
and (7{z) = Imz/I lmz[ denotes the sign of the imaginary part of z. Indeed, for 
Imz > 0, it suffices to verify that fz{{Vx}) = trTB(z) obeys the hypotheses of 
Proposition^] For that purpose, it is useful to note that 

G.({14W) := (H^ + aV-z)-^ 
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is a continuous map from {{Vx}^^^d \ Im 14 < O} to the bounded operators on 
£^(Z^) endowed with the strong operator topology. Indeed, z is in the resolvent 
set of + aV since the numerical range of this operator is contained in the 
closed lower half plane. Thus Gz is well defined, SOT-continuous (since {14}^ t-^ 
+ aV and A i— > are SOT-continuous), and 



|G,({KW)|| < - 



1 



< 



ixez-i)]] - dist(z,num. range(iJ0 + aF)) ~ |Imz| 
Furthermore, the Combes-Thomas bound H3.2|l extends to Gz, i.e.. 



< 



G 



Imz 



=G(l + |Inizril 



(4.4) 



(4.5) 



with i{x) as in ((231) • The resolvent of e=^''^(^) (-^0 + aV)&^"^='\ considered as 
a perturbation of i?^ 4- aV , is in fact as stable as in (|3.2|) where i?^ was self- 
adjoint, since the same bound (|4.4|l still holds for Imz > 0. Furthermore, we see 
in this way that 



G^^(-)Gz({KLg^.)e-«(^ 



is SOT-continuous. 

Thus, for Im z > 0, 



trTB(z) = trGz({K},g^.)[7?^,yli]e^'-il • e-*l-i'Gz({V^J,^^.)e*l-i' • 

. e-si\^i\+\-2\) .e^l-^l[i/^,^2]Gz({Vi},gz.) 

is a continuous function, which is bounded by 



\trTBiz)\ < ^ ||G.({T4}.a^)|r m.Me'^' 



< C 



e-^l-%.({V;},,,.)e*l-^l 

(1 + |Imz|-i)^ 
I Im 



(4.6) 



with the factor of 1/(5^ coming from the estimate ()3.9|) on the trace of e"'''^'. A 
similar argument is used for Imz < 0. Since the separate analyticity of /z(-) = 
trrB(z) is clear. Proposition ^ applies. 
We see that 

E(Retr 1:3(0)) = -7^ Im / dm(z)a2p(z) tr r0(z + iacr(z)) , (4.7) 
27r J 

where the interchange of / dm(z) and E is justified by Fubini's theorem and (|4.6|l 
since we may arrange for dzp{z) to vanish faster than |Imz|^ as z approaches 
the real axis. We note that 



|trT^(z-Fiaa(z))| < 



Gq 



[a;2-t-(|y|+a)2]3/2 



(4.8) 
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In fact, now that V — 0,\ Imz\^^ in 14.4|l may be replaced by dist(z, a{H^))~^ < 
dist(z, [—2,2])^^ and the same replacement carries over to the denominator in 
the estimate (14 .Sf) for iT:T^{z). 

The only singularities in the integrand on the right hand side of (14.7(1 are 
jump discontinuities at Imz = 0. Integrating by parts, on the upper and lower 
half planes separately, we find 

1 

E(RctrZ'^(0)) = — Re / dxp{x)ir {T^{x + ai) - T^{x - ai)) , (4.9) 

since by (|4.8|l there are no contributions from the boundary at infinity. Upon 
writing p{x) = — p'(-^)dA, and interchanging A and x integration we obtain 

E(RetrZ'^(0)) = [ dXp'{X) f Reti {T^{x + ai) - T^{x - ai)) dx . 

(4.10) 

This proves (fT^ with 

Js(A) = -^Re/ tr(r^(a; + ai) -T^(a;-ai))dx . (4.11) 

To obtain the asymptotic expression H1.23|l . note that for |A| > 2 

JbW = ^ReJ id77trr^(A + i?7) , (4.12) 

because the difference of the right hand sides of H4.11I I4.12|) is the real part of 
an integral around a closed contour, which may be deformed to infinity, of the 
analytic function trTcj,{z), which vanishes like l/I^P as z — > oo. (It is of interest 
to note that for A in an internal gap of the spectrum of H^, the corresponding 

contour integral gives the Bulk conductance cr^g\X) for the Hamiltonian at 
Fermi energy A, so jsiX) = ct^*\a) + ^ Rei /"^ d7ytrr0(A + i?/).) 
It is useful to rewrite H4.12|l as 

is (A) = ^Re^ id77 (trr^(A + i77) -trr^(A-i77)) , (4.13) 

which follows by considering the contributions from j] < and 77 > separately, 
and using Re iw — — Re i W. 

We obtain (|1.23(l from the series for Tb(A + 1?^) — trTB(A — i?7) produced by 
expanding each resolvent in a Neumann series. For sufficiently large |A|, 



- i?7 



A 



R4X + iv) = -tY. 
is absolutely convergent, and 

trr^(A + i77) = -ijf;^ ^ tr{H^-irjr[H^,A,]- 



(4.14) 



A3 ^ A^ 

Ar=o ni+n2+n3=N 
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To prove convergence here, it is useful to note that in addition to (|4.14|l . the 
series 



e^l^li?4A + ir;)e 



-(5|a;| 



oc 



e*l^li/^c-*l^l 



177 



A 



is also absolutely convergent, in light of 
By cyclicity of the trace 



tr 



oo iV 



A^- 

N=0 TL = 



and, making use of the identity tr T = tr T* 



oo ^ N 
N=Q n=0 



Thus 



trT0(A + ifj) - trT^{X - irj) 

Ar=0 n=0 

which is the desired expansion. 

The first term {N = 0) of this series vanishes trivially. The second {N — 1) 
also vanishes, because 

tr [H^, Ai] {H^ - irj) [H^, A2] - tr {H^ ~ irj) [H^, Ai] [H^, A2] 
= -tr[H^,[H^,Ai]][H4„A2] 

= -EE[^<A'[^*'^i]](^,2/)[^0,^](y,^) = 0, (4-15) 



X y 



since [H^, A2] {y, x) only for - y | = 1 and [H^, [H^, Ai]] (x, y) Q only for 
I a; — y I = 0, 2 as only nearest neighbor hopping terms are present in i?^. However 
the coefficient of A~^ {N = 2) is non-zero, and given by 

2 tr [H^, A,] {H^ - h^f [H^, A2] ~ 2 tr (H^ - h^f [H^, A,] [H^, A2] 

= 2 tr [H^, yli] if^ [H^, A2] - 2 tr i7| [H^, A^] [H^, A2] 
= -2tTHl[[H^,A,],[H^,A2]] , 

since the term proportional to 77 vanishes by H4.15|l and the term proportional 
to is the trace of a commutator, tr [[i?^, Ai] , [H^, A2]] = 0. 
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To calculate this term explicitly, recall that Ai — I[xi < 0] so, by (|1.21(l . 

[H^,Ai]ix,x') = {Ai{x')-Aiix))H^ix,x') 

{1 , X^ {0,X2) , x' = (-1,X2) , 

-1 , x= (-1,2:2) , x' = (0,2:2) , 
, all other x, x' , 

which is more succinctly expressed in Dirac notation: 

[H^,Ai] = ;^|0,a)(-l,a|-hl,a)(0,a| . 

Similarly, 

[H4.,A2] = ^e''^"|a,0)(a,-l|-e-'^'^|a,-l)(a,0| . 

aez 

Thus 

[[H^,A,],[H^,A2]] = (e-'*-l)(|0,0)(-l,-l| + |-l,0)(0,-l|) 

-(e'^-l)(|0,-l)(-l,0| + |-l,-l)(0,0|) , 

and 

tr H^^[[H^,Ai],[H^,A2]] 

= (e-'*-l)((-l,-l|F||0,0) + (0,-l|F|hl,0)) - c.c. 

Finally, since 

(-1,-11 ff||0,0) - l + e-'^ (0,-l|i/||-l,0) = l + e'^ 

we have 

2trHl[[H^,Ai],[H^,A2]] = 4(6"'* - 1) (cos((/.) + 1) - c.c. 

= -8isin(0)(cos(0) + 1) . 

Therefore 

trT^(A + iry) -trT^(A-ir/) = 8isin(,?!.)(cos(<?!>) + l)A-5 + ^(A-^) , 

and 

Jb(A) - -— sin(0)(cos(0) + l)A-5 + 0(A-6), 

TT 

which gives 11.2311 . This completes the proof of Theorem |3| □ 
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Appendix: conductance plateaus 

Localization is an essential prerequisite for the QHE. Some localization condi- 
tion, valid at energies in an interval A, is proven and used in [HIE]. It ensures 
that (Tb(A) is 

1. well defined as given by (|1.4(l . 

2. constant in A G Zi, and 

3. 27rCTB(A) e Z. 

These results also rest on a homogeneity assumption for the Hamiltonian Hb, 
or on its Fermi projections Px, namely that they be invariant or ergodic under 
magnetic translations. The purpose of the Appendix is to establish (1.-3.) under 
assumptions Ill .311 . which do not entail translation invariance. 

Proposition 2. Assume 1^1. 1\) and J^l.}^) . Then (Tb(A) is well- defined. IJ in ad- 
dition 1^1. S\) holds, then crB(A) is constant in X € A. 

Proposition 3. Assum,e 1^1.1]) and il.^) . Then 2tt(Tb{X) e Z for X e A. 

We remark that here constancy is proven without combining integrality and 
continuity. 



A.l. Proof of Prop. We consider Borel sets C M that either contain or are 
disjoint fi'om {A|A < A} and similarly for {A|A > A}. The class of such sets 5" is 
closed under unions and complements. We associate a bulk Hall conductance to 
S by setting 



(A.l) 



aeiS) = -itr Es[[Es,Ai],[Es,A2]] 

- itr {EsAiE^A^Es - EsA2E^AiEs) , 

where Eg = 1 — Es and the second line follows from 

Es [Es, Ai] = ^5 [Es,Ai] E^ - EgA^E^ . 

Note that aB{Xo) — (Tb((— oo, Aq)). We claim that, if Si Ci S2 = 0, then 

Es,AiEs,A2Es, e 3i , (A.2) 
<7B{SiUS2) = aBiSi) + aB{S2) , (A.3) 

and moreover 



lim aB{Sn) = OifSn I 0. (A.4) 

n — >co 

In particular, (|A.2|I and its adjoint for Si — S, S2 — ^ \ S imply that the two 
terms in the final expression of IjA.ip are separately trace class. 
I2I: In the factorization 



Es,AiEs,A2Es, - S5ivli£;s.e3*l^^le-''l^l -e-^l^l ■e-^l^le3^l--l£;s,^2S5i , 

(A.5) 
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the middle e"^'^' = e~''l^ile~*l^^l is trace class by H3.9(l . so that we need to show 



i?Sivl,i?s,e3*l^'le-*l^l < oo, (i = l,2) 



(A.6) 



This follows from 13.251 1^?77|) and part (iii) of Lemma El with a bound which is 
uniform in Si, 82- 

l|A.4|l : By IjA.ll lA.sp and l|2.21|l it suffices to show 



Since the l.h.s. is uniformly bounded in norm by the remark just made, we may 
drop the exponentials as explained in connection with H3.16I I3.17|l . Then the 
claim becomes obvious. 

(IA.3(I : From E'siuSs = ^Si + Es^ and (|^ we have 



fTB(5i U ^2) = ^ {tvEs,A^E^^^s^A2Es^ - IxE^^^s-A^Es^Es, 



US2J 



i=l 



We use Eg_^ijg^ = Eg, — Es^^^ (with i + 1 defined mod 2) and obtain 

2 2 
aB{SiUS2) = Y.'^B{S^)-Y,^rEs,AlEs,^,A2Esu 

1=1 i=l 
2 

+ ^tYEs,+,AiEs^A2Es^^, 
1=1 

= a-B{Si) + crs(S'2) . 

We finally prove constancy by showing that (Jb{['^, b]) = for any [a, b] C A. 
Since u{Hb) is pure point in A we have 



En Y.^- 



where is any labeling of the eigenvalues A g £[a.b]- Now En is a finite dimen- 
sional projection by p.3|l . whence the two terms in 

(Ur=l {A,;}) = -itr{Er,AiEnA2En~EnA2EnAiEn) = 

are separately trace class. They cancel by ()2.2|) . We conclude by (|A.3I lA.!]! that 
as([a,6]) = as (U^^i {A,}) + <tb (f[a,b] \ U^^i {A,}) > 0. □ 
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A. 2. Proof of Prop. As in [HI we are going to establish that 27rcrB(A) is an 
integer by relating it to the index of a pair of projections. 

We first allow the functions Ai in H1.4|l to switch values at points other than 
the origin. Let p = {pi,p2) G Z^* = + (i, i) be the center of a plaquette and 
set 

ap = -itrPx[[Px,Ai.p],[Px,A2j] 

^ itr {[Px,Ai J P^[Px,A2,p]~[Px, A2,p]P^[Px,Ai J) , 

where Ai,p — A{xi — Pi), {i = 1,2). (Since A{n) — A{n + i) for n £ Z, <tb(A) is 
just cTp for p = -(i, i).) 

To define the index, let 9p{x) = arg(x — p) be the angle of sight of a; G Z-^ 
from p, and set Up{x) = e'^p^^^. The relevant index is Np = lnd{UpP\Up, P\), 
where Ind(P, Q) denotes the index of a pair of projections introduced in ref. [S]: 

Ind(P, Q) dim ran P n ker Q - dim ran Q n ker P . (A. 8) 

We recall the following basic properties of Ind(-, •): 

1. If P — Q is compact, Ind(P, Q) is well defined and finite. 

2. If (P — is trace class for some integer ti > 0, then 

tr(P - Q)2"+i = Ind(P, Q) . (A.9) 
Since Np is an integer by (|A.8|I . Prop.|21is a consequence of the identity 

27rCTB(A) = Np , 

to be proved below. Indeed, this is the same strategy employed in refs. . The 
starting point for our proof is the observation that ap and Np are independent 
of p even without ergodicity for the underlying projection. 

Lemma 7. The index Np is well defined for any p G 1?* , and for any o G 

l) Np+a = Np, 
ii) CTp+a = CTp. 

Proof. Part (i) follows from [Sj Prop. 3.8] once we verify that Np is well defined. 
For this we follow and show that {P\ — UpPxU*)^ is trace class, using 

Lemma (|2J Lemma 1]). For an operator with the matrix elements T^^y 
IITII3 ^ (tr|T|3)V3 < ^(^^IT.+mI^) ' ■ 

In our case, with T ^ Px - UpPxU*, we have (see eq. (4.13)]) 

\T{x + b,x)\ = |1 -e'(*''(^+^)-«p(=^»||PA(x + 6,2;)| 

< C—f^ -\Px{x + b,x)\ < Cil + \p\)-^\Pxix + b,x)\. 

l + \x - p\ 1 + fI 
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(Here and in the sequel, C denotes a generic constant, whose value is independent 
of any lattice sites in the given inequality, though that value may change from 
line to line.) 

Since <|1.2|l holds for giHs) ~ P\, we have 

\Px{x + b,x)\ < C2(l + |:E|)"^e-^'^l , 

but we also have \Px{x + b,x)\ < 1, because 1|Pa|| < 1- Combing these two 
estimates gives 

+ < I' H<f ln(N + l), 

Thus 

/ \ 1/3 



Y,\nx+b,x)\ 

< C{l + \p\)\b 



3 



\\x\<c^^''^-l \x\>c^^''^- 



1/3 



< C(l + H)|6|( 



^1 



\h\ LL 

e 2i"i -I- e 6" 



Since the last line is clearly sunimable over b, we see that {UpP\U* — P)^ is trace 
class, and therefore the index Np is well defined. 

Turning now to part (ii), we note that we may just treat the case p — 



a = (ai, 0), the case of translation in the 2-direction being similar. By ljA.lllA.2l 
12.211 we need to show that 

triPx{AAi)P^A2Px) - triPxA2P^{AAi)Px) 

= tr{Px{AA,)P^A2Px)-tr{P^{AAi)PxA2Pt) (A.ll) 

vanishes, where AAi{x) — A{xi) — A{x\ ~ a\) is compactly supported in x\. We 
claim that {AA\)P^ AiP\ G 3i. This follows like (|A.2p through the factorization 

{AA{)PtA2Px = (Z\yli)e3'^>^le-'^>l -e-^l^l ■ e-*>le3*I^^IP;^yl2PA , 
by noticing that the first factor, which is new, is bounded. Likewise 

{AA^)PxA2Pi e 3i . 

Therefore (lA.lip equals 

tT{AAi)P^A2Px -tr {AAi)PxA2P^ = tr(Z\yli) [/I2, Pa] = 0, 

by evaluating the trace in the position basis. □ 

The proof of Prop. |31 is now completed by the following result, with the 
translation invariance required in the argument of 5 now provided by LemmaEI 
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Lemma 8. Let Al = {-L, . . . , L} C Z^. Then 



r^™ /or I 1^2 -PA(a;,y)^'A(z/, 2)-PA(^,a;) Area(a;,y, 



xeAL 



(A.12) 

where N, resp. crB(A) are the translation invariant values of Np, resp. Up, and 
Area(a:, y, z) is the triangle's oriented area, namely ^(x — y) A (y — z). 

Remark 3. The r.h.s. of (|A.12(I is the trace per unit volume of 

-iPx[[Px,Xi],[Px,X2]] , 

which may be interpreted as the macroscopic version of H1.4|l . 

Proof. The first statement makes use of Connes' area formula ^ in the version 
[S| adapted to the lattice 

For a fixed triplet u^-^\ u'^^\ u'--^^ e Z^, let ai{p) G tt, tt) be the angle 
of view from p G 7?* of relative to u^^^^'^ (with ai{p) = if p lies 

between them). Then 

3 

J2 5]sina,(p) = 27rArea(u(i\u(2),u(3)) . (A.13) 



By the computation of [S], 

Np = ir{UpPxUp - Pxf = -2i Px{x,y)Px{y,z)Px{z,x)S{p,x,y,z) . 

with S{p,x,y, z) = sinZ(a;,p, y) + sinZ(y,p,z) + sinZ(z,p,x). Letting yl^ = 

{-L + i, . . . , L + i}^ C Z^* we have that N{2L + 1)^ is the sum of the r.h.s. 
over p e A*^. 

We would like to replace the sum over x E I?, p E A*j^ by that over x G A^, 
p G Z^*. The error is estimated by 

peAl pez^'\Al 

where 

f{p,x) := -2i E ^A(a;,y)PA(y,z)PA(2;,a;)S'(p,x,y,z) . 

By (113 for giHs) = Px the points y, z are exponentially clustered around 
X, so we have \ f{p,x)\ < Cx{l + \p — a;|)~'^. However because of the pre-factor 
(1 + |a;|)'^ in 1)1. 2|l . the constant Cx carries some dependence on x (as indicated), 
which must be controlled in order to bound l)A.14(l . 

In fact, the following estimate for \ f{p,x)\ is true: 

< + y . (A.15) 

1 + |a; - p\-^ 
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Before proving (|A.15(I , let us see how it allows us to complete the proof. Indeed, 



since 



^ \\ + \x-v\r 



as far as the second term of (jA.14|) is concerned, we have 

< C7[lni]'^ -— i -^0(L[lnif). 

For the first term we note that 

[l + ln(l + |x|)]5 < C(lni)5[l + ln(l + |x-p|)]5 , 
for x,p in the indicated range and large L, resulting in 

.eI?\A, P^Al ^' + 1^ 

peAl xGI,^\Al 

Therefore, 

xGAl 

= -2i Y Px{x,y)Px{y,z)P^{z,x) ^ S{p,x,y,z) + 0(L[lni]") , 

x^Al p£l?' 

which gives (|A.12|) for N after applying Connes' area formula and taking the 
limit L oo. 

As for the proof of (jA.lSp . we consider separately the cases (i) |p — < 



^ln(|2;| + 1) and (ii) \p - x\ ^ 
\S{p, x,y, z)\ < 3 to conclude 



^Indxl + 1) and (ii) \p — x\ > ^ln(|a;| + 1). In case (i), we use the bound 



since 



\fip,x)\ < 6 Y \Px{^,v)Px{y.z)Px{z.x)\ < 6^ \Px{x.,y)\ , 



1/2 



Y \Px{y,z)Px{z,x)\ < (y I^aCj^'^)!' E 

< [Px{y,y)Px{x,x)f^ < 1 
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Now by (|A.l 



J2 \P>^i^^y)\ ^ 4-MNI 



|6|>^ln(|x|+l) 



(1 + -pI)'^ 

where in the last step we have used that \x — p\ < ^ \n{\x\ + 1). This imphes 



(IA.15|I in case (i). To prove l|A.15|l in case (ii), consider separately the contribu- 
tions to /(p, x) coming when both y and z fall inside the ball of radius |p — x| 
around x and when one of y or z falls outside the ball. The latter contribution 
is exponentially small in |a; — p|, since it is bounded by 



E 



z)Px{z,x)\ 



|y— a:|>|p— x| |2 — a:;|>|p— x| 

< 12 I^A(a;,y)| < Ce-^'^-fl , 

\y-x\>\p-x\ 

where in the last step we have used (lA.lOII and the fact that \x—p\ > ^ ln(|a;|-|-l). 
To bound the former contribution note that in this case both \/l(jj,p,x)\ and 
Z(2,p, x)! are smaller than and make use of the following estimates: (1) 
given a,(3 & (-f , f ), 

sina + sin/3 — sin(Q! + < |sina|'^ + |sin/3|'^ , 

and (2) given y with \y ~ x\ < \p ^ x\, 

. , , I \y — x\ 

sinZ{y,p,x) < —— r. 

1 + \p- x\ 

Putting these two estimates together gives the following bound for the contri- 
bution with y, z in the ball of radius \x — p\ around x 



C 



{\ + \p-x\f 



< 



Y \Pxi^, y)Px{y, z)Px{z, x)\ {\y - xl^ -f |z - xl^) 

\y-x\,\z-x\<\p-x\ 

^ Ml ,3 ^ ^ [l + ln(|a:| + l)]5 

}^\Px{x,y)\\y-x\ <C————-^, 



{l + \p-x\r 



where in the last step we have used (lA.lOII . This proves (|A.15|) in case (ii) and 
completes the proof of (|A.12p for N/2tt. 

The proof for (Jb is similar. By evaluating (jA.7p in the position basis as in |S] 
we obtain 

o-p = i E P^i^'y)P\iy'^)P>^i^^^)- 



[{A{yi - pi) - A{xi - pi)){A{z2 - P2) - A{y2 - P2)) - (1 ^ 2)] . (A.16) 
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We then sum over p G A*j^ and move the anchor from p to x (in this case the 
corresponding f{p,x) decays exponentially in \p — x\, again with logarithmic 
growth in |a:|). The sum over p G 1?* of the square bracket in ljA.16|l involves 

{A{yi - Pi) - A{xi - pi)) = Xi-yi 

PiGZ* 

and thus equals {x\ — yi)(t/2 — 22) — {xi — yi){})\ ~ z\) = 2 Area(a;, z). The 
proof is completed by PxiVi z) = 5yz — P\{y, z). □ 
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